The traditional fully stressed method performs satisfactorily for stress-limited structural design. When this method is extended to include displacement limitations in addition to stress constraints, it is known as the fully utilized design (FUD). 
Introduction
The fully stressed design FSD method (ref. 1) which is based on a simple stress-ratio approach, is an elegant design tool that is popular across the civil, mechanical, and aerospace engineering industries.
However, the FSD is useful only for stress- benefit from MFUD by using it to initiate optimization iterations, thereby alleviating some of the computational burden of such methods.
In this paper the theoretical basis of MFUD is developed and 
Design Optimization Problem
Standard nonlinear programming terminology is used to formulate the design problem for trusses because solutions obtained by the MFUD method are compared with optimization results. The areas of truss members that can be linked for practical purposes are considered to be design variables. The structures are subjected to multiple load conditions, and constraints axe imposed simultaneously on both stresses and displacements. The number of stress and displacement constraints are denoted by.ls and Jr, respectively, with the total number of constraints being m = Js + Jd" The.Is number of stress constraints can be specified as gj = -1.0_<0 j=l,2 ..... Js (1) where t_ is the stress in thejth member and t_o is its permissible value.
Likewise, the Jd number of displacement constraints can be written as
where Xj is the jth displacement component and Xjo is its permissible value. The stress and displacement behavior constraints are feasible provided that gk < O. For a truss with n members, the weight can be considered as the objective function for design optimization, and it can be written as
where gi, Pi, and A i are the length, density, and area of the ith member of the truss, respectively. The computer code automatically modifies equation (3) for linked design variables, but that modification is not elaborated here.
Fully Utilized Design
The traditional FUD can be obtained in two steps: (1) generation of an FSD and (2) uniform proration of the FSD to obtain the FUD.
An FSD for stress constraints only is generated iteratively by using a stress-ratio technique that can be written as
w hereAi a'k is the area of the ith member at the kth iteration (unit member areas can be used to initiate the iterations). The factor
Rsi for the ith design variable is determined as
where trLi represents stress in member i for load condition L, and trio represents the yield strength of member i. The converged solution of equation (4) is the FSD, designated as {A }fsd.
The FSD technique produces very fast convergence, usually in about 10 iterations, regardless of problem size.
Prorating the FSD to satisfy the maximum violated displacement constraint yields the traditional FUD for simultaneous stress and displacement constraints:
where {A }fur is the vector of member areas; gmax is the value of the most violated displacement constraint; and Xma x and X o are, respectively, the most violated and the allowable displacement values. The uniform proration factor (1 + gmax) in equation (6) produces a feasible design. The FUD is likely to be overdesigned because all member areas have been increased by the same amount, and it has only one active displacement constraint. 
Modified Fully Utilized Design
The MFUD for simultaneous stress and displacement constraints can be obtained iteratively as follows:
Step (1): Identify the design variables to initiate the MFUD iterations.
The first MFUD iteration can begin from the FSD {A }fsd (see eqs. (4) and (5)). For subsequent iterations, the areas for stress constraints can be obtained from
aio where (Fi)ma x is the maximum force in the ith member for all load conditions. This strategy ensures that the final MFUD is not biased towards the initial FSD, {A }fsd.
Step (2): Identify the vq number of violated displacement constraints {D } = {gvl, gv2 ..... gvq } for the design obtained in step (1).
Step ( 
where _qr < 1.0 is a weighted parameter (see the section Member Weighted Parameter). The design variables in the MFUD method are updated independently, in contrast to uniform proration in case of the traditional FUD method.
Step (4): Repeat step (3) for all vq numbers of the violated displacement constraints to obtain vq design subsets ({A }vi,
Step (5): Obtain the design update for the structure as the union of the vq designs
In the union process, the maximum value should be selected in case of member duplication.
Step (6): Repeat steps (1) to (5) until the design converges.
The converged design will satisfy both stress and displacement constraints. A minimum weight condition is not explicitly imposed in the MFUD method; however, as will be shown for the examples solved, the weight of the design calculated by the MFUD method is very close to the optimum weight generated from optimization methods.
The number of design variables qt that are associated with a violated displacement constraint and the weighted parameter _vr (see eq (8)) for each design variable can be easily identiql fied when the IFM (refs. 14 to 16) is used as the analysis tool.
The derivation of these two parameters is discussed next.
Identification of a Subset of Design Variables for a Violated

Displacement Constraint
The subset of design variables qt directly associated with a violated displacement gvr can be identified by examining the displacement-force relationship of IFM (see appendix A): 
Equations (13) show that tip displacement is most sensitive to member areas 1 and 5 (near the support) and least sensitive to member area 3 (close to the tip). Overall, selecting a proration factor proportional to the sensitivities is adequate in satisfying (members near the free end)
The weighted parameters can be considered inversely proportional to the gradient of the objective function.
Equations (12) and (14) can be combined and normalized to obtain the weighted parameter for the qith member area: o()l., ' 
Thearea fortheqith member of the vrth violated displacement constraint can be updated by using the following formula:
The preceding equation is identical to equation (8) except for a step length tp < 1. The step length restricts member areas against rapid changes, for which the current analysis may no longer be valid. Default step lengths of tp = 0.5 for constraint violations exceeding unity (i.e., gvr > 1.0) and tp = 0.25gvr for other constraint violations were found satisfactory for most problems that have been solved.
The design obtained from equation (18) area is then compared with the area for stress constraints (eq. (7)), and the final MFUD area {A }mfuafor a kth iteration is obtained as
The MFUD iterations are continued until convergence is achieved for both stress and displacement constraints.
Numerical Examples
The MFUD method was applied to a number of examples. Step Length and Gradient Gradient and step length concepts are used differently in the MFUD method and in an optimization method. In the MFUD method, step length is a reduction factor and is assigned a value such as t = 0.5. The factor guards against rapid change in the updated design for which analysis may no longer be valid.
Step length in optimization is determined from a one-dimensional search for a profile that is contrived or assumed by using local information, including the gradient vector. The step length reduction factor in the MFUD and the step length determination in optimization are quite different. In the MFUD, the gradient information is used to separate critical design variables. This separation--and consequently gradient calculation--needs to be carried out a few times for the entire design process: for example, at initial design, at final design, and at some intermediate iterations. In optimization, gradient information is used to generate a search direction and subsequent calculations. 
Discussion
Equations of the Integrated Force Method
In the IFM, the n internal forces {F} are considered the primary unknowns, and these can be obtained from the solution of its governing equation as follows:
[S]{F} : {P*} (20) where [S] is the n x n governing matrix, and {P*} is the n-component thermomechanical load vector.
The m displacement components {X} can be obtained from the forces by back-calculation as follows: 
Suitability of Analysis Methods for Design
The suitability of the force and the displacement methods for the development of MFUD can be illustrated by considering the example of a three-bar truss ( fig. 2) . The IFM governing equations for forces for the three-bar truss have the following explicit form:
where 
Equations of the Displacement Method
The displacement vector {X} of dimension m is the primary unknown in the displacement method, and it can be obtained from its governing equation
[K]{X} = {P} (22) where 
ftf2 Af3 Af3
Consider the design of the truss for stress limitations _roi, for i = 1,2, 3, and displacement limitations Xoi, for i = 1,2. The two IFM equations (eqs. (24) and (25)) can be written in terms of member areas (A t , A 2, A3) as follows.
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Forstress limitations:
For displacement limitations:
In equation (27) , if a displacement component X i exceeds its allowable value Xoi, then that component should be replaced by the allowable value.
An iterative solution of equations (26) and (27) can provide a design for the three-bar truss that accommodates both stress and displacement constraints. However, convergence difficulty can occur if this solution is used for more general trusses.
The modified fully utilized design method developed in this paper is more suitable for such applications. The displacement method, on the other hand, provides only two equations in terms of the three bar areas:
Even for displacement constraints only, the three areas cannot be directly determined from the solution of two stiffness equations. The stiffness formulation is not the most appropriate analysis tool to develop a direct design formulation.
Displacement Sensitivities
The n x m displacement sensitivity matrix [VX] required in the MFUD method can be obtained in explicit form with the IFM (ref. 19) as
where
In the previous equation, DMg. designates a diagonal matrix, and [C] is an (m -n) x n compatibility matrix of IFM. The first term in equation (29) accounts for changes in member flexibility, whereas the second term accounts for the changes in member forces with respect to member areas. However, Berke (ref. 9) has shown that the second term is identically equal to zero, which has also been numerically verified. The first term in equation (29) is equivalent to equation (12) , which is used to develop the MFUD method. attempt is made to alleviate the confusion. The optimality of FSD is examined in four sections: the problem is defined; optimality is discussed; numerical examples follow; and discussions and a summary are presented.
Truss Design Problem
Consider an n-bar truss with n member areas as design variables subjected to q load conditions. A fully stressed state 
Equations (33) and (34) yield the optimum solution.
The optimality of FSD is considered by examining three relations between the design variables and the active constraints. The three-bar truss ( fig. 2 ) subjected to two load conditions, with three design variables, six stress constraints, and weight as the merit function, is used for illustration.
Case 1:MoreActiveConstraints ThanDesign Variables
Geometricalsolution.--Consider an optimum solution with n variables and (n + v) active constraints. The optimal solution is at the intersection of any n out of the (n + v) active constraints.
The remaining v are follower constraints passing through the optimal point. For the truss with three design variables, assume an optimal design with four active constraints, gl, g3, g5, and g6 ( fig. 13 ). Three constraints (g3, gs, and gt) are sufficient to establish the optimal point. The follower constraint (gl) can be neglected without any consequence. From a geometrical consideration, the inclusion of a maximum of n active constraints is sufficient to establish the optimal design. The weight function is not essential when v > 0. The n multipliers and optimum weight can be back-calculated. For the truss, the solution of three constraints will yield the design variables. The optimum weight and the multipliers can be back-calculated from equations (31) and (34) 
Design of a Truss Under a Single Load Condition
For an indeterminate truss under a single load condition, a full stress state may not be achievable because of the compatibility condition (refs. 27, 28, and 30) . Take, for example, an n-bar truss with r redundant members. If its FSD is attempted without restricting the lower bound of the member areas, then the design will degenerate to a determinate structure that, of course, will be fully stressed and optimum. If, however, a minimum bound A rain is specified for member areas, the resulting design will have (n -r) fully stressed members with (n -r) active stress constraints and r member areas that reach the minimum bounds of A rain.These properties, from an analytical viewpoint, become equivalent to n active constraints consisting of (n -r) stress constraints and r lower bound side constraints.
Since there are n design variables, this example falls under Case 2. In other words, the design of a truss under a single load also represents the optimum design.
A fully stressed design state can be defined in terms of two indices, Index stress and Indexall: 
Example 1
A three-bar truss (see fig. 2 ) is used to illustrate that the weight function does not influence the optimum design when the number of active constraints equal or exceed the number of design variables. The truss is subjected to two load conditions and has a total of six stress constraints, three per load condition.
The optimum solution for an aluminum truss with equal weight densities of 0.1 lb/in. 3 for its three bars was obtained by using IMSL optimizer.--This optimizer produced correct solutions for the last four cases. For the first case, no active constraints were produced and the IMSL solution was unsatisfactory. It is subjected to two load conditions. Its 25 areas are linked to obtain eight independent variables. Since, at optimum, 11 stress constraints are active, a fully stressed state has been reached. The FSD, IMSL, and SUMT methods produced identical optimum solutions for the example with different CPU times. Optimizers IMSL and SUMT were, respectively, 10 and 18.5 times more expensive than the FSD method. Solutions to the other eight problems followed the pattern of the 25-bar truss, with minor variations.
Discussion
For a truss, if a fully stressed state can be reached (i.e., the number of active constraints exceed the number of design variables), then such a design can be handled satisfactorily with the stress-ratio-based FSD method. Optimization techniques for such problems can be computationaily expensive and unnecessary. In special circumstances a practical structural design may be associated with fewer active constraints than design variables.
Such a design is likely to represent an overdesign condition, which can be alleviated by relaxing some of the nonactive constraints. If, however, there are fewer active constraints than design variables, then the design is not fully stressed; here, nonlinear programming optimization methods can be useful. For such problems the stress-ratio-based design can differ from the optimum design, especially when weight densities for truss members are different.
When the fully stressed design is extended to include displacement constraints, it is called a fully utilized design (FUD).
FUD, which can produce overdesign conditions, has been modified to give a method that produces a satisfactory design for stress and displacement constraints (ref. 31 ). The FUD method has been extended in reference 32 to nontruss-type structures.
Summary
A fully stressed design is optimum when a full stress state can be achieved. At optimum, when the number of active constraints equal or exceed the number of design variables, then such a design can be obtained by simply using a stress-ratio algorithm without any consideration to the weight function.
The stress ratio algorithm can produce a fully stressed design in a small fraction of the calculation time required by the design optimization methods. The fully stressed design method may have the potential for extension to nontruss-type structures and nonstress constraints. 
